
Jose Hugo Garcia Aguilar
josehugo.garcia@icn2.cat

Catalan Institute of Nanoscience and Nanotechnology (ICN2)

Charge and spin Hall Kubo conductivity 
by O(N) real-space methods

(Proposal ID: 2015133194)

11th RES Users' Meeting & 6th HPC Advisory Council Conference

mailto:Ejosehugo.garcia@icn2.cat


The team

• Allan H. MacDonald,  The University of Texas at Austin, USA
• Mikkel Settnes, Technical University of Denmark, Denmark.
• Branislav K. Nikolic, University of Delaware, USA.
• Alessandro Cresti, Université Grenoble Alpes, IMEP-LAHC and CNRS, 

IMEP-LAHC, France.

Stephan Roche

P. I.
Jose H. Garcia Aron Cummings Jeil jung Nicolas Leconte

Current collaborators

University of Seoul
Catalan Institute of Nanoscience

and Nanotechnology



The goal

Understand the physics of Hall effects 
in graphene and graphene-based 

materials.
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Graphene and graphene-based 
heterostructures

Good approximation

𝐾+ 𝐾−
𝐾+ 𝐾−

Linearization

Massless Dirac fermions

Nearest neighbors 

tight-binding 
dispersion

Why graphene?
• Stronger and lighter than steel
• Transparent and flexible
• Better conductor than gold
• Ultrahigh mobility
• Tunable properties
• Among others

𝐾+

Electronic 
properties



Hall effects

Nobel Prize 

in Physics 
1985

Klaus von Klitzing Hall resistance

Diffusive  resistance

conductivity tensor

𝜎𝑥𝑦 , 𝜎𝑥𝑥

Quantum Hall effectClassical Hall effect

Valley Hall effectSpin Hall effect



Input charge 

current

Transitional spin 

current

Final spin  

Current

M0 M1

From electronic to spintronic

0 1 -e -e

Peter Grünberg 

2007 Physics Nobel Laureates

Albert Fert

Giant magnetoresistance

Spin-based information processing technologies



Spintronic and graphene

Challenges
1. Long spin lifetimes
2. Electrical manipulation 
3. Large spin current 

SPIN-ORBIT COUPLING!!
?

Spin Hall effect Spin-orbit 
enhancement

Challenges
1. Long spin lifetimes
2. Electrical manipulation ✓
3. Large spin currents ✓

Challenges
1. Long spin lifetimes
2. Electrical manipulation 
3. Large spin currents 

Spin conductivity tensor

𝜎𝛼𝛽
𝑧
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Quantum transport

The Kubo formula

• 𝑗𝛼, 𝑗𝛽 current matrix

• 𝐻 Hamiltonian matrix

• 𝐺± 𝐻, 𝜀 Green’s functions

𝑁 = 106 − 109 atoms

O(N) real-space algorithms
• S. Roche, Phys. Rev. B 59, 2284 (1999)
• F. Ortmann, N. Leconte, and S. Roche Physical 

Review B 91, 16511 (2015)
• Jose H. Garcia, Lucian Covaci, Tatiana G. 

Rappoport , Phys. Rev. Lett. 114, 116602 (2015)

O(𝑁3) O(𝑁)

1 billion years 1 month

matrices with dimension 
N=number of atoms



The importance of the 
algorithm

The problem you 
are solving

The problems you 
want to solve

The problems of 
your field

Efficiency

Flexibility

LOW HIGH

LOWHIGH

What kind of methods
provide a better balance?

Iterative methods!



Iterative methods

Matrix inversion Matrix-vector product

𝑃𝑚 𝐻 = 𝛼1𝑃𝑚−1 𝐻 + 𝛼2𝑃𝑚−2 𝐻

𝐿𝑎𝑛𝑐𝑧𝑜𝑠 𝑎𝑙𝑔𝑜𝑟𝑖𝑡ℎ𝑚

Expansion moments  𝜇𝑚,𝑛

𝐶ℎ𝑒𝑏𝑦𝑠ℎ𝑒𝑣 𝑃𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙𝑠

Depends on the 
polynomial basis



The Chebyshev Polynomials

𝑇𝑚 𝐻 = 2 𝐻 𝑇𝑚−1 𝐻 − 𝑇𝑚−2 𝐻

Chebyshev kernel:

Recursive relation:



Stochastic trace approximation

𝜇𝑚,𝑛 =Tr 𝑇𝑚 𝐻 𝑗𝛼𝑇𝑛 𝐻 𝑗𝛽 104 − 106 N-dimensional traces

Special random vectors

𝐸𝑟𝑟 𝑇𝑟 𝐴 ∝
1

𝑁𝑅

Trace as average of mean values



Parallellizability

𝜇𝑚,𝑛 =Tr 𝑇𝑚 𝐻 𝑗𝛼𝑇𝑛 𝐻 𝑗𝛽

Process #1
Process #2
Process #3

Process #N-1

Multi-threaded 
sparse  matrix-vector 

multiplication

Multi-process 
stripes 

distributions



Our results 

Physical Review Letters 
117,176602 (2016)

𝜃𝑠𝐻 ≡
𝜎𝑥𝑦
𝑧

𝜎𝑥𝑥

𝛾𝑠𝐻 ≡
𝜎𝑥𝑦
𝑧

𝜎𝑥𝑥

Nano Letters 
17 (08), 5078-5083(2017)

107atoms, samples of 400 nm 

2D Materials
4 (03), 031006 (2017) 

• Spin Hall effect and Weak Antilocalization in Graphene/Transition Metal Dichalcogenide Heterostructures, J.H. Garcia et al, Nano 
Letters 17 (8), 5078-5083 (2017).

• Valley-Polarized Quantum Transport Generated by Gauge Fields in Graphene, M. Settnes et al. 2D Materials 4 (3) (2017)
• Spin Hall Effect and Origins of Nonlocal Resistance in Adatom-Decorated Graphene. D Van Tuan et al.  Phys. Rev. Lett. 117 (17), 

176602 (2016).
• (OPEN ACCESS) Charge, spin and valley Hall effects in disordered graphene, A. Cresti, et  al. Rivista del Nuovo Cimento 39, N. 

12,pp.586-664 (2016).
• Spin lifetime anisotropy in graphene/TMDC heterostructures.A.W. Cummings et al, submitted to Phys. Rev. Lett.
• Theory of quantum magneto-transport in graphene on hexagonal boron nitride, N. Leconte et al, to be submitted to Phys. Rev. B
• Extension of the levitation scenario for interaction of states coming from primary and secondary Landau levels in a superlattice

system, N. Leconte et al, ongoing calculations.



Graphene/TMDC heterostructure

Gmitra M, Kochan D, Hogl P and  Fabian J. Phys. Rev. B 93, 155104 (2016) 



Spin Hall effect in Gr/TMDC

107 atoms, M=4000

Suppression of spin Hall angle 
due to intervalley scattering!



The next steps

• Study spin-orbit torque in Gr/TMDC heterostructures

• Study spin Hall effect and spin-orbit torque in 
Gr/Topological Insultator heterostructures

• Improve the SpMV multiplication in order to achieve 
linear scaling up to 48 threads



Conclusions

• The Chebyshev approximation of the Kubo 
formula can be implemented to efficiently use 
more than 1000 cores using a hybrid multithread-
multicores strategy.

• Using MareNostrum infrastructure we manage to 
simulation the transport properties of systems 
containing tenth of millions of atoms.

• Through numerical simulations we proved that a 
large spin hall angle can be achieve in graphene-
based materials, showing it suitability for 
spintronic devices.



The End

Thank you for your attention 


